Let M 1,4 be the moduli space of Deligne-Mumford stable 4-pointed elliptic curves. E. Getzler has determined the natural S 4 -module structure on the vector space H * (M 1,4 , Q) using modular operads and Deligne's mixed Hodge theory [G1]. The dimension of the S 4 -invariant space H 4 (M 1,4 , Q) S4 is 7. M 1,4 has a natural stratification by dual graph type. Define an S 4 -invariant stratum of M 1,4 to be an S 4 -orbit of closed strata of M 1,4 . The number of invariant dimension 2 strata in M 1,4 is 9. The classes of these invariant strata in cohomology must therefore satisfy at least 2 linear relations. The first relation is evident. Let △ 0 be the boundary stratum with generic element corresponding to a 4-pointed nodal rational curve. There is a natural map M 0,6 → △ 0 obtained by identifying the markings 5 and 6. Pushing forward the basic divisor linear equivalence on M 0,6 to △ 0 yields a relation among the dimension 2 boundary strata of M 1,4 contained in △ 0 . In [G2], Getzler computes the 9 × 9 intersection pairing of the invariant strata in M 1,4 . This intersection matrix is found to have rank 7. The invariant strata therefore span H 4 (M 1,4 , Q) S4 . The null space of the intersection matrix is computed to find a new relation among these strata in cohomology.
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Let M 1,4 be the moduli space of Deligne-Mumford stable 4-pointed elliptic curves. E. Getzler has determined the natural S 4 -module structure on the vector space H * (M 1,4 , Q) using modular operads and Deligne's mixed Hodge theory [G1] . The dimension of the S 4 -invariant space H 4 (M 1,4 , Q) S4 is 7. M 1,4 has a natural stratification by dual graph type. Define an S 4 -invariant stratum of M 1,4 to be an S 4 -orbit of closed strata of M 1,4 . The number of invariant dimension 2 strata in M 1,4 is 9. The classes of these invariant strata in cohomology must therefore satisfy at least 2 linear relations. The first relation is evident. Let △ 0 be the boundary stratum with generic element corresponding to a 4-pointed nodal rational curve. There is a natural map M 0,6 → △ 0 obtained by identifying the markings 5 and 6. Pushing forward the basic divisor linear equivalence on M 0,6 to △ 0 yields a relation among the dimension 2 boundary strata of M 1,4 contained in △ 0 . In [G2] , Getzler computes the 9 × 9 intersection pairing of the invariant strata in M 1,4 . This intersection matrix is found to have rank 7. The invariant strata therefore span H 4 (M 1,4 , Q) S4 . The null space of the intersection matrix is computed to find a new relation among these strata in cohomology.
A direct construction of Getzler's new relation via a rational equivalence in the Chow group A 2 (M 1,4 , Q) is presented here. The idea is to equate cycles corresponding to different degenerations of elliptic curves in the Chow group of a space of admissible covers. The push-forward of this equivalence to M 1,4 yields Getzler's equation.
The strategy of the construction is the following. First, select a point:
Consider the space of degree 2 maps π : E → P 1 from 4-pointed nonsingular elliptic curves to P 1 satisfying:
(i) π is not ramified at the markings of E,
(ii) The i th marking of E lies over p i .
(ii) The markings P i lie in the nonsingular locus E ns .
is an 8-pointed stable curve of genus 0.
(vii) π| Ens isétale except over the points q j where π is simply ramified.
(viii) If x ∈ E sing , then:
(c) The ramification numbers at x of the two morphisms:
are equal.
Let H be the space of 4-pointed admissible degree 2 covers of P 1 branched at 4 points.
H is an irreducible variety parametrizing admissible covers. There are natural maps
obtained from the domain and range of the admissible cover respectively. The projection π is a finite map to M 0,8 . For each marking i ∈ {1, 2, 3, 4}, there is a natural Z/2Z-action given by switching the sheet of the i th -marking of E. These actions induce a product action in which the diagonal △ acts trivially. Define the group G by:
The action of G on H is generically free and commutes with the projection π. Therefore, the quotient H/G naturally maps to M 0,8 . In fact, since H/G → M 0,8 is finite and birational, it is an isomorphism. Spaces of admissible covers were defined in [HM] . The methods there may be used to construct spaces of pointed admissible covers. A quick route to H via Kontsevich's space of stable maps will be presented here.
Let µ : U → M 0,8 be the 8-pointed universal curve. Let M 1,4 (µ, 2) be the relative space of stable maps of double covers of the universal curve. M 1,4 (µ, 2) is a projective variety (see [K] , [KM] , [FP] , [BM] ). Let H denote the quasiprojective subvariety of M 1,4 (µ, 2) corresponding to 4-pointed maps µ : E → D satisfying:
(i) E is a nonsingular 4-pointed elliptic curve, D is a nonsingular 8-pointed P 1 .
(ii) The markings of E lie over the first four markings of D.
(iii) The four ramification points of µ lie over the last four markings of D.
H is anétale 8-sheeted cover of M 0,8 with a free G-action. Let H be the closure of H in M 1,4 (µ, 2). The points of the closure are seen to parameterize pointed admissible covers. The basic maps (1) are obtained from the restriction of maps defined on M 1,4 (µ, 2). The G-action is deduced from the universal properties of M 1,4 (µ, 2). H and M 0,8 are 5 dimensional spaces.
. Let X ζ be the fiber over ζ of the natural map M 0,8 → M 0,4 determined by the first four markings. X ζ is a nonsingular 4 dimensional variety. Another way to view X ζ is the following. Let P 1 [8] be the Fulton-MacPherson configuration space [FM] . Let γ 1 , . . . , γ 4 be the first four projections γ i :
X ζ is naturally identified with the intersection:
In particular, the four markings corresponding to the ramification points yield four natural projections γ a , . . . , γ d from X ζ to P 1 . X ζ is a compactification of the space of 8 points on P 1 where the first four have a specified cross ratio. The boundary of X ζ is a divisor with normal crossings. Moreover, X ζ has a stratification by graph type.
Let
. H ζ is a natural compactification of the space of 4-pointed nonsingular elliptic double covers of P 1 satisfying:
(i) The ramification points on E are ordered and distinct from the markings.
(ii) The markings lie over a fixed 4-tuple ζ ∈ M 0,4 .
G acts on H ζ with quotient H ζ /G = X ζ . The restriction λ : H ζ → M 1,4 is a generically finite dominant map of degree 48.
Two Surfaces
Let S 2,2 and S 1,3 be the irreducible surfaces in Sym 4 (P 1 ) ∼ = P 4 corresponding to divisors of shape 2 + 2 and 1 + 3 respectively. The degrees of these surfaces are 4 and 6 respectively. Therefore,
in A 2 (Sym 4 (P 1 )). Chow groups here will always be taken with Q-coefficients. Index four P 1 's by the letters {a, b, c, d}. Define:
The following convenient notation will be used for the diagonal subvarieties of P Let (ab, cd) = (ab) ∩ (cd). Similarly, let (abc) denote the diagonal where the coordinates of a, b, and c coincide. Let P 1 4 → Sym 4 (P 1 ) be the S 4 -quotient map. The inverse image of S 2,2 in P 1 4 is (ab, cd) ∪ (ac, bd) ∪ (ad, bc). Similarly, the inverse image of S 1,3 is (abc) ∪ (acd) ∪ (abd) ∪ (bcd).
Lemma 1 Let A be a finite group. Let Z be an irreducible algebraic variety with an A-action and a quotient morphism α : Z → Z/A. There exists a pull-back
where V is an irreducible subvariety of Z/A, the scheme α −1 (V ) red is the reduced preimage of V , and |Stab(V )| is the size of the generic stabilizer of points over V .
By Lemma 1, there is an equality in A 2 (P 1 4 ):
This equality can of course be checked directly. Lemma 1 will be used in Section 4. See [V] for a proof of Lemma 1.
Refined Intersection
The notation of Sections 1 and 2 is followed here. The four projections γ a , . . . , γ d from X ζ to P 1 yield a map: Γ : X ζ → P 1 4 . The pull-back of the relation (2) by the map Γ * :
First, the left side (2) is considered. The scheme theoretic inverse Γ −1 (ab) is a reduced union of boundary divisors of X ζ . Therefore, since the boundary in X ζ has normal crossings,
is a reduced union of 2 and 3 dimensional strata X ζ . In fact, in the notation of Appendices B and C ,
S 2 occurs with 2 different round marking assignments. While the strata S i are of expected dimension 2, T 3 and T 4 are of excess dimension. Excess intersection theory yields a dimension 2 cycle supported on T 3 and T 4 . There is a bundle sequence on the divisor T = T 3 ∪ T 4 which is exact away from the 1 dimensional intersections of T with the 2 dimensional components of Γ −1 (ab, cd):
Here, N ab,cd is the normal bundle of (ab, cd) in P 1 4 , the first map is obtained from the differential of Γ, and L is the excess bundle. The first Chern class of L is the excess cycle on T (see [Fu] ). A standard calculation yields the excess cycle:
The intersection pull-back is thus determined by:
The above equalities are in A 2 (X ζ )/K (see Appendix B). The scheme theoretic inverse Γ −1 (abc) is a union of boundary divisors of X ζ :
The excess bundle L is again determined by the natural exact sequence on
A calculation yields the excess class in A 2 (X ζ )/K:
The Γ pull-back of the left side of (2) in A 2 (X ζ )/K is simply 3Γ * [ab, cd] . Similarly, the pull-back of the right side is 4Γ
* [abc] . Hence, the above calculation yield an equality in A 2 (X ζ )/K:
Push-Forwards
The application of λ * π * : A 2 (X ζ ) → A 2 (M 1,4 ) to relation (3) yields a boundary relation in A 2 (M 1,4 ). The calculation of π * is obtained by Lemma 1. It is checked the generic stabilizers of G over the strata are trivial except in the following cases:
The elements λ * π * (R i ) are tabulated below. See Appendix A for the notation in A 2 (M 1,4 ) . These elements lie in the linear span of the 4 invariant strata of A 2 (M 1,4 ) with nonsingular elliptic components.
The elements λ * π * (S i ) lie in the linear span of the 5 invariant strata contained in the boundary divisor △ 0 ⊂ M 1,4 corresponding to a 4-pointed nodal rational curve.
The push-forwards λ * π * (S 2 ), λ * π * (S 3 ), λ * π * (S 8 ), and λ * π * (S 9 ) all vanish. In the above formulas, the ordinary coarse moduli fundamental classes in M 1,4 are used on the right. The orbifold classes differ by a factor of two for △ 2,4 , △ 3,4 , and △ 0,4 .
These push forwards are easy to compute. A representative example will be given. Consider the graph R 4 : t t t t with a fixed labelling of the marked points and the round markings. The three components of the graph have been labeled U , V , and W . The labeled graph now corresponds to an irreducible stratum R of X ζ . An admissible cover lying above this stratum consists of the following data: an elliptic double cover of V ramified at a, b, c, and the intersection V ∩ U , a rational double cover of U ramified at d and the intersection V ∩ W , and an disjointétale double cover of W . The double cover of W is a union of two P 1 's. The markings {1, 2, 3} can be distributed in 4 ways (up to isomorphism) on the 2 components over W : (12, 3), (13, 2), (23, 1), (123).
This yields four components of π −1 (R) . The component (12, 3) pushes forward by λ to: and is easily seen to equal: 
+ 2 + 2 2
Adding all the permutations and multiplying by the automorphism factor 2 associated to R 4 yields λ * π * (R 4 ) = 16 △ 2,3 .
Getzler's relation
The calculations of λ * π * in Section 4 and the linear equivalence (3) yield the relation:
). The basic linear equivalence in A 2 (M 1,4 ) obtained from △ 0 is (see [G2] ):
Equation (4) minus twice equation (5) yields:
which is Getzler's relation [G2] . be the rational and elliptic Gromov-Witten invariants of P 2 . Let Γ and E be the (quantum) rational and elliptic potentials:
The variables y 0 , y 1 , y 2 correspond to the fundamental, line, and point classes of P 2 respectively. The elliptic sum starts in degree 3 since N vanish. LetẼ = E + 1 8 y 1 . The composition axiom for Gromov-Witten invariants ( [KM] , [RT] , [BM] ) and Getzler's relation immediately yield partial differential equations satisfied by the elliptic potential. Getzler uses these to obtain a complete recursion determining the numbers N have been obtained via more classical techniques in algebraic geometry in [CH] , [R] .
The relation predicted by Eguchi, Hori, and Xiong from the Virasoro conjecture is:
While the equation suggests divisor geometry, no proof via such an approach is known to the author. The relation is established here via Getzler's equation and the WDVV-equations. The first step is to rewrite the recursion (8) in differential form:
The subscripts denote partial differentiation by y 1 and y 2 respectively. Next, the equationẼ
2 is used to obtain:
Finally, we see:
Formula (9) is equivalent to (8).
In order to prove (8), we consider a differential equation obtained from Getzler's relation. Let
be the natural projection. Let
be the natural evaluation maps. The codimension 2 Gromov-Witten class
intersected with Getzler's relation yields the following differential equation:
It is easily seen by examining the coefficient recursions that (10) uniquely determines the potential E in form (7) from Γ. Therefore, to establish (8), it suffices to prove (9) determines a solution of (10). Replace the terms E 1 , E 11 , E 12 in (10) by:
Equation (9) then may be used to replace the terms E 2 and E 22 by derivatives of Γ. A partial differential equation for Γ is then obtained. Equation (9) defines a solution of (10) if and only if Γ satisfies this differential equation. The WDVV-equation for Γ is:
Γ also satisfies:
A simple check in symbolic algebra shows the required differential equation for Γ is implied by the WDVV-equation and its first two y 2 -derivatives together with (12). In fact, the required differential equation for Γ modulo equation (12) is seen to be of the form:
A , B, C, and D are polynomials in y 2 , Γ, and the derivatives of Γ. Ψ is the left side of the WDVV-relation (11), and the subscripts denote partial differentiation by y 2 .
This concludes the proof of recursion (8).
Theorem 2 The Eguchi-Hori-Xiong formula holds for the elliptic GromovWitten invariants of P
Appendix A Strata of M 1,4 in dimension 2
Getzler's notation for the complete set of S 4 -invariant dimension 2 strata of M 1,4 is followed: 
a b
The short bars indicate the marked points {1, 2, 3, 4}. Nonsingular genus 1 components (labeled by 1) occur in the first row. Each graph denotes the sum of strata in the corresponding S 4 -orbit. For example, △ 2,2 and △ 2,3 are sums of 3 and 12 strata respectively.
